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The transformation of the path integral measure under the reduc- 
tion procedure in the dynamical systems with a symmetry is consid- 
ered. The investigation is carried out in the case of the Wiener-type 
path integrals that are used for description of the diffusion on a smooth 
I compact Riemannian manifold with the given free isometric action of 

the compact semisimple unimodular Lie group. The transformation 
of the path integral, which factorizes the path integral measure, is 
based on the application of the optimal nonlinear filtering equation 
from the stochastic theory. The integral relation between the kernels 
of the original and reduced semigroup are obtained. 
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1 Introduction 

The standard approach to the path integral quantization of the gauge field 
theories is based on the Faddeev — Popov method P, by which a path in- 
tegral over invariant variables is rewritten as a path integral over variables 
constrained by some gauge conditions. But in order to obtain such a repre- 
sentation it is necessary to separate the path integral measure on two parts 
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related, correspondingly, with the gauge-invariant (independent) and the 
gauge-dependent (or group) degrees of freedom. However, in general it is 
unknown: does this separation of the path integral measure leads (or not) to 
a some Jacobian in the path integral measure. 

In the present paper we consider the path integral quantization problem 
for the scalar particle which moves on a manifold with a given group action. 
In this problem, as in gauge field theories, an original manifold can be re- 
garded as a total space of the principle fiber bundle. As a consequence of 
such a representation, we get a new way of the coordinatization of an initial 
manifold. The coordinate functions of a chart in the manifold atlas can be 
given by invariant variables related with the orbit space and by the group- 
valued variables defined by the group element which "measures" the distance 
between the considered point in the total space of the fiber bundle and the 
base point which can be reached along the orbit. 

The path integral quantization of our problem was considered in E] by 
using the definitions of the path integrals based on discrete approximations. 
In our papers jU E] , we studied the quantization of this problem with the 
help of the path integrals in which the path integral measures were defined 
by the stochastic processes. It was found there, that the factorization of the 
path integral measure can be performed by applying the nonlinear filtering 
equation from the stochastic process theory. 

The description of the orbit space evolution in gauge field theories are usu- 
ally given by the constrained (or dependent) coordinates. It means, that the 
corresponding variables should meet the additional conditions (the gauges). 
From the local point of view, these additional conditions (given by the sys- 
tem of equations) define a local submanifold in the original manifold. In 
turns, the submanifold can be regarded as a local section of the principal 
fiber bundle. 

Since there is a local isomorphism between the initial principle fiber bun- 
dle and the trivial principal fiber bundle which has this local submanifold as 
the base space jSj, we can also make use these dependent coordinates as the 
coordinates on our principal fiber bundle. 

If these local submanifolds (the local sections) are the parts of a some 
global submanifold (a global section) then our initial principal fiber bundle 
is a trivial one. And in this case, our dependent coordinates have the global 
meaning. But in general, there is no a global section in the principal fiber 
bundle. So, in a local neighborhood of the each point of the initial manifold, 
one should introduce its own dependent coordinates. 
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After performing the local factorization of the path integral measure into 
the "the group measure" and the measure that are given on the local section, 
one should to solve the problem of the definition of a some global measure 
related with the set of these local measures. 

Recently jTJ , it was found the possible solution of such a problem. In this 
paper it was shown a way of description of the global path integral measure 
in terms of the local measures. Therefore, from the principal point of view, 
the problem of the introduction of the dependent coordinates leads us to the 
consideration of the particular case of the trivial principal fiber bundle. 

The representation of the orbit space path integrals as the integral over 
the dependent variables were studied in many papers (see, for example, 
jHl El [TO] ) - But the path integral measure factorization questions was not 
considered there. In the present paper, we will investigate the behavior of 
the path integral measure under changing the path integral variables for the 
dependent ones in the Wiener-like path integrals that are used to describe 
the "quantum" motion of the scalar particle on a smooth compact Rieman- 
nian manifold (without boundary) on which the free effective isometric action 
of the compact semisimple unimodular Lie group is given. 



2 Definitions 

The objects of our consideration will be the path integrals representing the 
solution of the backward Kolmogorov equation given on a smooth compact 
Riemannian manifold V: 

d 1 1 \ 

— + -AAp(p a ) + ^V(p a ))i> tb (p a ,t a ) = o (1) 

tpt b (Pb,h) = MPb), (*6>*o)> 

In this equation /x 2 = — , k is a real positive parameter, A-p(p a ) is 
a Laplace-Beltrami operator on manifold V, and V(p) is a group-invariant 
potential term. In a chart (U, (p A ) with the coordinate functions Q A = (p A (p), 
the Laplace - Beltrami operator is given as 

A v (Q) = G-y\Q)^-G AB (Q)G 1 /\Q)- ° 



8Q A y ^'dQ B ' 

where the matrix G AB (Q) is inverse to the matrix of the Riemannian metric 

- a 

■8Q J 



Gab given in the the coordinate basis { dp-}, G = det(GAB) 
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In order to get the Schrodinger equation from the equation ([JJ) one should 
perform the transition to the forward Kolmogorov equation and then to put 
k = i in obtaining equation. In case of some analytical restrictions imposed 
on the coefficients of the the backward Kolmogorov equation, its fundamental 
solution satisfies also a forward equation. However, the transition from the 
Wiener-like path integrals to the Feynman' ones is a special problem which 
needs an additional investigation and does not considered in the paper. 

There are different representations of the solution of the equation (0) in 
terms of the path integral. We will use the definition of the path integral from 
together with the assumptions that all necessary analytical conditions 
for this take place in our paper. By [TT] . the solution of (Q) can be written 
as follows: 



where r] (t) is a global stochastic process on a manifold V, [i n is the path 
integral measure on the path space f2_ = {uj(t) : u){t a ) = 0, i](t) = p a + u(t)} 
defined by the probability distribution of a stochastic process r)(t). 

On charts (U, if) in the atlas for the manifold V, the global stochastic 
process r\ (t) is defined by the local processes (p(rj) = rj^it) = {rj A (t)} that are 
solutions of the stochastic differential equations: 



dr, A (t) = l -^ K G- l ' 2 ^(G l / 2 G AB )dt + ^V^(v{t))dw a (t), (3) 



where the matrix is defined by the local equality Y^JrLi %r%r = G AB . 
Here and in what follows we denote the Euclidean indices by over-barred 
indices. 

According to [TT], the global semigroup determined by the equation © 
acts in the space of smooth and bounded functions on V. It is defined by 
the limit (under the refinement of the time interval) of the superposition of 
the local semigroups 

1pt b (Pa,t a ) = U(t b ,t a )(f) (p a ) = \\m. q U v {t a ,t-i) ■ ■■■■ U V {tn-l,tb)(f>o(Pa), (4) 

where, in turns, each of the local semigroup U v is related with the local 
representative of the global stochastic process r\. 




(2) 
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One of the main advantage of the definition (J3J) is that it gives us an 
opportunity to derive the transformation properties of the path integral of 
(J2J) by studying the local semigroups U v l : 

U v (s,t)(j)(p) = E s>p (p(ri(t)), s<t, r)(s)=p, 

These local semigroup are also defined by the path integrals with the 
integration measures determined by the local representatives (p v (r](t)) = 
rf (t) = {r] A (t)} of the global stochastic process rj(t). 

3 Principal fiber bundle coordinates 

The problem, which we consider in the paper, is related with the investigation 
of the reduction procedure in the dynamical systems with the symmetry. Due 
to the symmetry, the initial dynamical system is reduced to the system that 
can be described in terms of the invariant variables. The geometry of this 
problem is well developed [T2j . 

A free (effective) action of the compact semisimple group Lie Q on a 
smooth compact manifold V 2 leads to the orbit-fibering of the manifold V. 
And we can regard the manifold V as a total space of the principal fiber 
bundle P(Ai, Q) where the orbit space M. is a base space. 

The principal bundle picture means that locally manifold V has the prod- 
uct structure: n~ l (U x ) ~ U x x Q, where U x is an open neighborhood of the 
point x = ir(p) which belongs to the chart (U x ,(p x ) of the bundle P(A4,Q). 
Therefore, we can equally use the principal bundle coordinates for the coordi- 
natization of our manifold V. In other words, we can express an initial coor- 
dinates Q A of the point p in terms of the principal bundle coordinates (x\ a a ) 
(2 = 1,..., N M , N M = dimM, a = 1, . . . , Ng, Ng = dimG, N v = N M + N g ). 

We could take the set of the functionally independent and ^-invariant 
functions that are solutions of the special differential equations as the in- 
variant coordinates x % (Q) (the orbit space coordinates) of a point. However, 
in many cases finding of solutions of these differential equations becomes a 
very difficult problem. Hopefully, there is also an another method of the 

the following, we omit the the potential term of the Hamiltonian operator as it is 
inessential for us in performing the path integral transformations. It will be recovered in 
final formulas. 

2 In our case this is an isometric action on a Riemannian manifold. 
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orbit space coordinatization in which the necessary invariant coordinates are 
introduced with the help of the gauge constraints. 

It is supposed, that in each sufficiently small neighborhood of the point 
p, belonging to the manifold V, there are a set of the functions {x a {Q)i a 

I Ng}, that can be used (by the equations X a (Q) = 0) to determine a 

some local submanifold of the manifold V. It is required that the submanifold 
should have the transversal intersection with each of the orbits. Then the 
coordinates on the manifold V can be introduced as follows. 

By our assumption, we have the action of the group Q on the manifold V: 
p = pa, or in coordinates: Q A = F A (Q B ,a a ), where Q A are the coordinates 
of a point p. We assume that it is a right action, i.e., (pai)a 2 = p(aia 2 ): 

F(F(Q,a 1 ),a 2 )=F(Q,<£>(a 1 ,a 2 )) 

where $ is the function which determines the group multiplication law in the 
space of the group parameters. 

The group coordinates a a (Q) of a point p are defined as a coordinates 
of that group element which carries the point p to the local submanifold 
{x a {Q) — 0}. These group coordinates are given by the solution of the 
following equation: 

X a (F A (Q,a- 1 (Q))) = 0. 

The invariant coordinates x l (Q) of p are the coordinates of that point of 
the submanifold {x a {Q) — 0} which is obtained from the point p under the 
action of the group element with the coordinates a a (Q). If the submanifold 
{x a (Q) = 0} is given parametrically: Q A = Q* A (x l ), the coordinates x l {Q) 
are defined by the equation: 

Q* A (x l ) = F A (Q,a- 1 (Q)). 

We refer to ^3] where this way of the coordinatization was considered and 
where the geometrical generalization of the Bogolubov coordinate transfor- 
mation method from was obtained. 

The path integral transformation induced by replacement of coordinates 
Q A for (x l (Q), a a (Q)) and the factorization of the path integral measure was 
considered in [3]. In the present paper we study the same problem, but now 
together with the group coordinates a a (obtained by previous method) we 
will use the constrained (or dependent) coordinates Q* A : {x a (Q* A ) — 0} °f 
the corresponding point on the local submanifold {x a = 0} of the original 
manifold V. 
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We will assume, that these local submanifolds form a global submanifold 
£ in the original manifold V. Therefore, our principal fiber bundle P(Ai, G) 
is a trivial one. 

Provided that the coordinates Q* are constrained: {x a {Q*) — 0}, the ini- 
tial coordinates Q A of a point p are given by the equation Q A = F A (Q* A , a a ). 
Later we will see that an apparent ambiguity of a transition from Q A to 
(Q* A , a a ) is compensated by the presence of the corresponding projection 
operators in resulting expressions. 

The representation of a Riemannian metric of the manifold V in new 
coordinates (Q* A , a a ) is derived from the transformation of the coordinate 
vector fields. It is given as follows: 

° FC(F{Q\a),a- l )N A {Q^ ° 



dQ B v> '--"v* ' dQ* A 

d_ 



+F*(F(Q*, a), a- 1 ) X ^(Q*)($- 1 )J(Q*)^(a)^. (5) 



Here F°(Q,a) = fg(Q,a), X % = J$r(Q), - the matrix which is 

inverse to the Faddeev - Popov matrix: 

(Kp are the Killing vector fields for the Riemannian metric Gab(Q)), the 
matrix Vg(a) is inverse to the matrix Ug(a). The detw^(a) is a density of a 
right invariant measure given on the group Q. 

Finally, N A is a matrix form of the projection operator (N^N^ = N A ) 
which project onto the orthogonal to the Killing vector field subspace: 

N A (Q) = 6 A - K A (Q)($-X(Q)X» C (Q)- 
In fl5J), this projection operator is restricted to the submanifold {\ a = 0}: 

NM(Q*) = N%(F(Q*,e)), 

N A D \Q*) = FE(Q*, a)N A (F(Q*, a))Ff (F(Q*, a), a^ 1 ). 

The formula (0) is similar to the corresponding formula from [5J E3- On 
treatment of the dependent coordinate we refer, for example, to [To] . 
As an operator, the vector field Q Q tA is defined by the rule: 



= (p±)a(Q* 



dQ* A ' v " /AV ^ ' dQ D 
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where P± is a projection operator on the tangent plane to the submanifold 
given by the gauges: 

(Px)i = 8$->&(xx T r lp a(x T )i- 

Here (x T )/3 is a transposed matrix to the matrix Xb'- 

(x T )t = G AB lfluX u B , l,u = K*G AB K B . 
The above projection operators have the following properties: 

(P±)M = {P±)b, Ni(P ± f A = JVf. 

In new coordinate basis the metric Gab is written as a metric Gab(Q* , a) 
with the following components: 



G C d(Q*)(Pi-)a(P±)b G CD (Q*)(P ± ) B K^ a (c 
G CD (Q*)(P±) C AK^(a) lliv {Q*)u^{a)u^{a) 



(6) 



where the projection operators P± depend on Q*, i.e., they are restricted to 
the submanifold, G CD (Q*) = G CD (F(Q* , e)): 

G C d{Q*) = F^(Q*, a)Fg (Q\ a)G MN {F(Q*, a)). 

The pseudo inverse matrix G AB (Q*,a) to the matrix © is as follows: 



G CB xl(<S>- l )?NEv% G CB xl{®-Xx B {®-%vpl 

In (J7|), v° = v%(a) and other components depend on Q*. 
The pseudo inversion of Gqq means that 

fiABfi _ ( (P±)b 

G Gbc ~ { ^ 

The determinant of the matrix © is equal to 

(detGU B ) = detG A B(g*)det 7a / 3 (Q*)(detxx T ) _1 (Q*)(det<(a)) i 



(7) 



x(det<&"(Q*)) 2 det(P ± )g(Q* 



It does not vanish only on the surface {x = 0}. On this surface det(P±) B is 
equal to unity. 
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4 Transformation of the stochastic process 
and the semigroup 

In result of the coordinate replacement, the local stochastic processes i] A {t) 
on the principal fiber bundle, will get their new representations. Applying 
the methods of ^T] to obtained local processes we can form a new global 
process ({t). It means that we have performed the transformation of the 
global process r](t) to the process ((t). 

The global process ((t) has two kind of the local components: 
(Q* A (t), a a (t)). The components a a (t) describe the part of the stochastic 
evolution that originates from the stochastic evolution that was given on the 
group g. The Q* A {t)— evolution has its origin in the stochastic evolution 
given on the submanifold E. 

Although the process Q* A (t) is described in terms of the dependent co- 
ordinates, the transformation of the local stochastic process r) (t) for the 
process ( A (t) = (Q (t),a a (t)) is, in fact, the phase space transformation of 
the process i] A (t). It take place because the variables Q* A are constrained 
by the condition: x a (Q*) — and it is valid for the stochastic processes too. 

But it is known that the phase space transformation of the stochastic 
processes does not change the probabilities. It means that the action of 
the local semigroup U v on a function (po(p) is equal to the expectation of 
the transformed function given a cr-algebra generated by the transformed 
process ( A {t). 

On charts of the manifold V, this transition to new coordinates can be 
considered as follows. The local semigroup 

U v (s,t)(j> (p) = E SiP 0o(?7(t)), s < t, T](s) =p 

for the process rj(t) which is restricted to the chart (V p , <f v ), 

<P v (v(t)) = v * r (t) = { v A (t)}, 

can be written as 

u v ( S ,t)Mp) = E s ,^ (P) 0o (Vrv>))) , ifw = <p v ( P ). 

The phase space transformation of the local stochastic processes 

r ] A (t)=F A (Q* B (t),a a (t)) 
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transforms the local semigroup U v : 

U v (s,t)Mp) = ((^)" 1 (C^W)) = E,^^ (C* V (t)) , 

where (<f p ) 1 = {}P V ) 1 ° F an d 0o = 0o ° (v?^) -1 - 

Notice, that there is a local isomorphism of the principal fiber bundle 
P(M, G) and the trivial principal fiber bundle Ps = Sx^^S|HJ[7j. From 
this fact it follows that we can introduce such charts in the atlas for the 
total space V of the principal fiber bundle P(A4, Q) that are related with the 
submanifold E. 

Therefore, in our local semigroups we should take the expectation values 
with respect to the measures defined by the probability distribution of the 
local processes it) = (Q* A (t),a a (t)). If these processes are consistent 
with each other on overlapping of the charts, we can define, by the method 
of [TT], the global process and global semigroup In turns, the fact of the 
consistence of the local processes is verified by studying the transformations 
of the local stochastic differential equations that are used to define the local 
stochastic processes. 

5 Stochastic differential equations 

Let us consider the stochastic differential equation for the component Q* A 
of the local stochastic process ( A (t) = (Q* A (t),a a (t)). We suppose that the 
stochastic differential equation for this variable has the following form: 

dQ* A (t) = b* A (t)dt + c*i(t)dw B (t), (8) 

where we should define explicitly the drift and the diffusion coefficient. 

Being subjected to the constraint condition x a (Q*) — 0, the coordinates 
Q* A are the functions of Q A : 

Q* A = F A (Q,a-\Q)). 

The stochastic variable r\ (t) will have the same dependence on the stochastic 
variable Q* A (t). 

Applying the Ito differentiation formula to the stochastic variable Q* A {t) 
we rewrite the left-hand side of the equation (jHJ) as follows: 

dQ,A{t) = + IM^ < d " E(t)d " C{t) > ■ (9) 
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Then, putting an expression of the stochastic differential dr] A {t) from (J3J) 
into the right-hand side of (JOJ), we obtain: 

dQ* A (t) = d S^r (-l^^ PB (v(t))T E PB ( V (t))dt 



dQ E \ T 

+ ^%%(v(t))dw a (t)) + \ ^ Q % A QC < d V E (t)d V c (t) >, (10) 

where Tf, B are the Christoffel coefficients for the Riemannian metric Gab- 
In order to express the stochastic variable rj A (t) in the last equation in terms 
of Q* A (t) and a a (t) we make use the equation r] A (t) = F A (Q* B (t), a a (t)). 

After such a transformation we find that the coefficient which stands at 
the differential dt in the obtained expression will be the drift of the equation 
(JHI). And, correspondently, the term at the stochastic differential dw(t) will 
be the diffusion coefficient. As a result we obtain the following equation for 
Q*(t): 



dQ* A (t) = ^ 2 ^[iV^(G(git))-^_^( G (g*(t))i/2 G c A / (g * (t)) 



dQ* R 

+N A L G CL - G pc N«KM m (^X Xp + G pc N a K e p (^Y uXe 
+^ B AT^($- 1 )^]dt + ^iV^(Q*(t))^(t). (11) 

In this equation all variables depend on Q*(t) and by additional lower in- 
dices we denote the corresponding derivatives. (For example, N A L (Q*) = 
^rN A (Q)\ Q=Q ,.) 

Also, X from (HD is defined by J2T=i )*f(Q*) = G AB (Q*). 

The drift term of equation has another representation, which is re- 
lated with the geometrical objects that are specific for the considered prob- 
lem. In order to the derive this representation we make use the following 
expansion of the operator Laplace - Beltrami from 

~ Ap = \ {^G AB V A V B - K A ^{V A K*)V B + K^NbK^Vb) , (12) 

where ± G AB = G AB — K A ^ al3 K B , and Va is the symbol of the covariant 
derivative which is obtained from the Christoffel coefficients for the original 
Riemannian metric Gab{Q)- 

If we replace Q for (Q*,a) in (fl2|) . then it can be shown that the drift 
in (fTT|) is a sum of two terms: bf(Q*) and bfj(Q*). They are equal to those 
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coefficients at the first partial derivatives over Q* that come from the first and 
the second terms of the right-hand side of the equation after changing 
the variables. The third term of expansion of the laplacian in (|T2*|) does not 
give the contribution to the terms with partial derivatives over Q*. 

Performing necessary evaluations, we find that bf T (Q*) is the projection 
of the mean curvature vector of the orbit 



dQ D 2 A ^ JI ^'L'*«W PV^J QQD 

on the submanifold {x a = 0}. The projection is given with the help of the 
transformed metric (j 8 as follows: 

G SL G (f 9 9 W 



dQ D ' dQ* s ) dQ* L ' 

where before taking the projection one should change the variables Q in 
j D g§n for Q* and a. The projection operator = 5% — K^^K^Gca 
extracts the direction which is normal to the orbit: U^K^ = 0. 

As a result of the projection we get the following expression for the 
bfAQ*): 

bfAQ*) = \g eu N*N° [^G C D{V Ka K p) 

in which all the values from the right-hand side depend on Q* and by 
iy Ka Kp) c (Q*) we denote 



where 

s g° e {q*) (-£*G«m + ^ EAm - ^gmq-: 

The relation of bf(Q*), which comes from the first term of an expansion 
of the laplacian in ([12)1. with the geometry of the problem can be found as 
follows. 

In the local picture, the projection onto the orbit space Ai, which is 
locally isomorphic to E, is realized by replacement of the coordinates: Q A = 
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Q* A (x). Under this replacement the first term in the right-hand side of 
equation (|12j) transforms into the Laplace - Beltrami operator of the manifold 
(.M, hij) with the induced metric 



h lJ (x) = Q*?(x)G%(Q*(x))Q*f 



We can also regard the orbit space as a submanifold of the (Riemannian) 
manifold (V,G AB (Q)) with the degenerate metric G AB . 

The orbit space diffusion is described locally by the following stochastic 
differential equation: 

dx\t) = -^ 2 ^(x(t))r fc/ (x(t))dt + /i V / ^X^(x(t))rfw; ,fl (t), 

in which the Christoffel coefficients correspond to the metric hij(x). 

But, besides the standard description of this diffusion in terms of the 
internal variables that are given on the submanifold, there is a description 
of the same diffusion with the help of the stochastic differential equation 
defined in terms of the variables of the external manifold. In [17], it was 
considered the particular case of such a description when it was used the 
Euclidean space as an external manifold. It is not difficult to find a similar 
discription for a general case (see Appendix A). 

To derive the corresponding stochastic differential equation of our prob- 
lem one should repeate the evaluation that was done in Appendix A. 

We remark, that in our case the metric G AB of an external manifold is 
degenerated one. Therefore, instead of the relation (jA.4|) from Appendix A 
we will have 



h k \x)Y\ l = G H AB {Q*ih kl + H r£ D Q* c k Q*?h kl ) h m Q*Z, 
where the multiplication G AB (Q* (x)) H Y^ D {Q*{x)) is defined as 

(*AB H ^CD = 2 ip%D,D + Gad,C ~ ^CD,a) ■ (13) 

In (JISJ), by the derivatives we mean the following: G ACD = —qqit^ 

' ^ Q=Q*(x) 

Repeating all the steps that was done in the Application we can show 
that in result of the replacement of the variables the drift of the obtained 
stochastic differential equation coincides with the coefficient which stands at 
the first partial derivative over Q* in the term that arise from the first term 
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of the expansion of the laplacian in ([12)1 . Hence, this drift coincides also with 
bj. The last means that bi should be related with the geometric values that 
characterize the orbit space. 

Performing the aforementioned transformations we get the following ex- 
pression for bf. 

bf (Q*(x)) = ~\g em (Q*(x)) N c e (Q*(x)) N* (Q*(x)) h T* b (Q*(x)) + jf , 

where ji is the mean curvature vector of the orbit space. It can be evaluated 
as follows: 

it = \{&$- n b ^» [Q*g + Q*iQ*f H r B PL (Q*(x))] . 

But, as a function, the mean curvature is given on a submanifold. So, 
similarly to that as was done in the Application A, we can redefine the 
stochastic variable Q*(x(t)) for a new stochastic variable Q*(t). (We denote 
a new stochastic variable by the same latter.) 

Notice, that from equation ([T3|) the Christoffel symbols h Tq D are defined 
up to the terms Tq D that are satisfied to G^ B T^ D = 0. However, this 
ambiguity is not essential, since bj can be also presented as 

bf = -\n^T e cd N c k N°G ku + \N£ M N L K N>fG KU . 

Therefore, in result of the transformation of equation (jHJ) we get the fol- 
lowing stochastic differential equation: 

d&\t) = l?K{-\& u NZNi H T$B+ti^^ (14) 

where all the values from the right-hand side now depend on Q*(t) and we 
have introduced a new notation for bfj. In new notation it is denoted by jfj. 

As for the stochastic differential equation for the group variable a a (t), it 
can be obtained by the same method as it was done for the variable Q* A {t). 
It can be found that this equation is the following: 



da a = -~A[G* s f* s (Q*)A^ + G RP h° R A. B K i 
d /. p,\ _ . R _„ d 



aP V f3 



C CAatM ° _ QMB A e \P ( nj a \ 

° 8Q* M \ A ) P ly M ly B V e Q a u\ V P) 



OQ 
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dt 



+li^v%A B X%dw M , (15) 



where v = v(a) and other coefficients depend on Q*. Also, we have introduced 
a new notation: 



A b = (^Xxb- 

In (|15|h the Christoffel symbols r^ s (<5*) are obtained from r^ c -(Q), if in its 
definition we rewrite the derivatives by the formula (J2J). 

Therefore, the stochastic process ((t) is given locally by the solution of 
the stochastic differential equations (|14j) and (|15j) . On charts of the manifold 
the set of the solutions of these equations determine the local stochastic 
evolution families of mappings of the manifold V. 

As in [TT], with these local families it is possible to define the global 
stochastic process ((t) which consist of two components related with the 
stochastic evolution on the submanifold E (the gauge surface) and with the 
stochastic evolution on the orbit of the principal fiber bundle. 

The performed transformation of the stochastic process r] (t) results to the 
corresponding transformation of the global semigroup (@J). Now our semi- 
group is determined by the superposition of the local semigroups U^p : 

il>t b (Pa,t a ) = lim 9 f/^p(t a ,ti) • . . . • U cv p(t n -i,t b )4> (Ql,9 a ), (16) 

where 

U cvP {s,t)MQie ) = E sWo) MQ*(t),a(t)), Q*(s) = Q*, a(s) = 9 . 
We will write this global semigroup in the following symbolical form: 

i r tb 

li 2 Km J ta 

where &(t a ) = Q* a , a(t a ) = 6 a , <p p {p a ) = {Q* a ,d a ) and we have taken into 
account the omitted potential term. 

From ()14|) and (fl3j) it follows that the coordinate representation of the 
differential generator of the semigroup related with the stochastic process 
C(t) is given by 



r~ 1 f tb ~ 

ipt b iPa,t a ) = E 4>o(&(t b ),a(t b ))exp{— / V(&(u))du} 

L n 2 Km J tn 



-A ( g cd n£n* °* - g cd n£nB h t e ab J- + jf 



2^ V u dQ* A dQ* B ° u AB dQ* E J1 dQ 



*A 



+3ng§u + G AB ^aK^Lh - G RS T g s AJL„ - G RP K'„\%K^L C 



(AS) L a + 2G^A % L a ^) + -±-V. 
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Here, all the values, except for L, depend on Q*. 



6 Factorization of the path integral measure 

In jH El, a new method of factorization of the path integral measure was 
proposed. Here, we will apply it to our case of constrained (by the equation 
X a (Q*) — 0) integration variables. 



The main idea of [I] was in exploiting the stochastic differential equation 
from the nonlinear filtering theory [T%1 IT§] . This equation describes the 
evolution of the conditional mathematical expectation of the signal process 
( the process a(t) in our case) with respect to the a-algebra generated by an 
observable process (the stochastic process Q*(t)). 

In order to make use of this equation we transform each local semigroup 
U cv p from (|T5|) as follows: 



The above transformation is based on the properties of the conditional ex- 
pectation of the Markov processes. Such a path integral transformation can 
be also regarded as an analog of the transition from the multiple integrals to 
the repeated ones in the ordinary integration. 

Being the integrand of the "repeated" integral, the conditional expecta- 
tion 



should satisfy the nonlinear filtering equation. With account of our stochastic 
differential equations (fUjl and (JT3J), we get that it will be as follows: 



Further transformation of the equation (fT%|) consists in separation of the 
space variables from the group ones. It can be done by applying the Peter 




s,t)4>(Q* ,e ) = E E[4>(Q*(t),a(t)) | (.F Q .)S] 



(17) 



4>(Q*(t)) = E 4>(Q*(t),a(t)) | [T q*) 



s 




(18) 
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- Weyl theorem to the function considered as the function on a group Q. 
An expansion of this function in a series yields 

0(Q*,a) = Y,c X pq (Q*)K( a )i 

where D x q (a) are the matrix elements of an irreducible representation T x of 
the group Q: Z q D x q (a)D x n (b) = D^(ab). 

By the properties of the conditional mathematical expectations we have 



E$(Q*(t),a(t))\(F) Q *y s ) = ^^(g*(t))E[^(a(t))|(^)*] 
where 

c x q (Q*(t))=d x [ $(Q*(t),e)D* q (9)d»(e), 
Jg 

(d x is a dimension of an irreducible representation and dfi(8) is a normalized 
(jg dji{6) = 1) invariant Haar measure on a group Q). 

Then, in a similar manner as it was done in [3J E] one can derive the 
stochastic differential equation for the conditional expectation D x : 



1 2 
--U K 

2 P 



dD; q (Q*(t)) = 

d_ 

dQ* 

y<W x pq/ D x q/q (Q*(t))-G CB A a c A^ B (Ja)ifW$f£fy q mt))} * 

+Aiv^nSW^ g (Q*(*))i£(0*(t))d«; jBr (t), (is) 

in which {J^) x = ( dD g q ^ ) are the infinitesimal generators of the repre- 

a=e 

sentation D x (a): 

l,D x q (a) = J2(JA D ^)- 

Notice, that in general, the conditional expectation D x q (Q*{t)) depend 
also on the initial points Qq = Q*{s) and 6$ = a a (s) besides the of the 
stochastic processes Q*(t). 
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The solution of the linear matrix stochastic differential equation (|19|) can 
be written 20 as: 

D x pq (Q*(t)) = (^p)^(Q*(t),t,s)E[D^ q (a(s)) \ (F Q *)% (20) 

where 

"* r 1 r 

>v) rn 



(^)^(g*(t) l t, a ) = ^y'{iA[f w (G*(«))(^)J P (J, 

-(c^f*X + G RP kys? B Kp a - ^^^(AD) (J,t 
+/i V ^Ag(J /3 )^n^X^^ A? ) (21) 



is a multiplicative stochastic integral. This integral is a limit of the sequence 
of time-ordered multipliers that have been obtained as a result of breaking 
of a time interval [s, t\. The time order of these multipliers is given by the 
direction of the arrow aimed to the multipliers at greater times. 

With account of the representation for obtained in (|2T)J) and (|2"Tf we 
rewrite our local semigroup ()17|) as follows: 

U CP p{8,t)fc<? ,9 )= J2 ncl q (Q%t))(^ ql (Q*(t),t,s)}D^ q (9 ), (22) 

where we have taken into account that 

E[D* q (a(s)) | (JV)«J = D* q (a(s)) = D x nq {9 Q ). 

In order to obtain the global semigroup by the methods of JT] one should 
break the time interval [t a ,^b] and should take the superposition of the local 
semigroups that are similar to (|22|). Then, the global semigroup for the global 
process is obtained as a limit (under the refinement of the subdivision of the 
time interval) of the superposition of these local semigroups. The relation 
between the global semigroup obtained in result of the limiting procedure 
can be written simbolically in the following form: 

Wp«,*.)= E E[ c ^(e s (t 6 ))(^p)^(e s (*),i6,g]^\(^) (23) 

(6](ta) = °Pa), 

where is a global stochastic process defined on the submanifold E. This 
process is described locally by the equations (jT3j) . 
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Thus, our initial original path integral has been rewritten as the sum of 
the matrix semigroups (the path integrals) that are given on the submanifold 
S. The differential generator (the Hamiltonian operator) of these matrix 
semigroups is 



1 2 

-a k 
2 P 



r CD N A N B 9 2 r CD N E N MH T A & 



OQ 



*A 



(I x ) pq + 2N£G CP A a P (J a " X ° 



pq dQ* A 



Ipq 



~ (g rs T b rs A b + G RP A R A B K B a - G CA N^^(A^ (J a ) 
+G SB A B A° s {J a )^J (T ) x q , q ) (24) 

where {I x ) pq is a unity matrix. 

The operator acts in the space of the section T(S, V*) of the covector 
fiber bundle, which is associated with the trivial principal fiber bundle it : 
S x Q — > S. The scalar product in this space of the sections is defined as 
follows: 

f det $2 

where dv-% is the Riemannian volume element of E. 

An integration measure of the scalar product of the formula (J25)) has been 
obtained from the Riemanian volume element of the manifold V, in which we 
have changed the variables Q A for (Q*\ a a ). Also, we have used an equality: 

detG AB (Q*\Q* a (Q* l ),an = 

det ((GJab) det' 1 {(G bc Xb x"c)^>- W uV> P 0) ■ 

Notice, that the metric (G^) ab(Q*\ Q* a (Q* 1 )) is a restriction of the metric 
(P±)a(Q*)Gcd(Q*)(P±)%(Q*) to the surface S. 

Performing the transformation of the measure in the integral (J25|) , we can 
also to present the scalar product as 

Ng 

(i/> n , <Uy; det $° H 8( X a (Q*))de^ 2 G AB dQ* 1 A ... A dQ*"* . 

a=l 



By taking an inversion of (Jzojl we get the representation of standing under 
the sign of sum semigroups (the path integrals) in terms of the semigroups 
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that are given on the manifold V. As in 0, we will do it for the kernels of 
the corresponding local semigroups. 

Provided that the analytical restrictions are fulfilled, the semigroup from 
the left-hand side of (J23|l ) can be presented as 

ipt b (p a ,t a ) = J G v (p b ,t b ;p a ,t a )(j) (p b )dv-p(p b ). (26) 

Using the partition of the unity subordinated to a local finite covering 
of the manifold V and having in mind that there is a local isomorphism of 
Pe(£, (?) with the trivial principal fiber bundle (f^,(U^) x Q, by which a 
chart of the atlas of the manifold V is changed for the chart y£ (W^ ) x Q, 
we get the following expression for the right-hand side of (J26|) : 

J jt ah (x h )G v (a h , F(Ql 6 b ),t b] p a , F(Q* a , 9 a ),t a )fo(Ql e b )dv(Q* b )dfi(9 b ), 

(27) 

where dv(Q*) is the same volume measure as in ()25p and 
d[i(9) = det u%(9) d9 1 . . . d6 Ng is a Haar measure on a group Q. 
Also, the right-hand side of (J23J) can be presented locally as 

E / P<*( x >) E ^ p (a 6 ,^,t 6 ;/3 a ,Q:,t a )4(g 6 *)L» 9 \(^)^(g 6 *). 

(28) 

Comparing (}2Tj) and (}2*8*|) we find the relation between the local Green 
functions: 

/ G v (a b ,F(Qie b ),t b] (3 a ,F(Q:,d a ),t a )D x q (e b )dfi(6 b ) = 
Jg 

/] Gg, p (a b , Ql, t b ; p a , Q* a , t a )Dq, q (9 a ), 

q' 

which, with account of the unimodularity of the group Q, can be easily re- 
versed: 

Gmn( a b, Qt, h; Pa, Q* a , t a ) = / G P (a b , Q* h , 9, t b \ (3 a , Q* a , e, t a )D x m (6)dfj,(9). 

Jg 

(29) 



20 



In this formula e corresponds to the unity element of the group Q and 
G P (a b , Ql, 9 b , t b ; (3 a , Q* a , 9 a , t a ) = G v (a b , F(Q* b: 9 b ),t b ; (3 a , F(Q* a , 9 a ),t a ). 

Since in the paper we have confined ourselves by the case of the trivial 
principal fiber bundle, then the gluing these local Green functions to the 
global Green functions can be done with the transition coordinate functions 
defined for the charts of the manifolds. 

Hence, the equality can be extended from the local charts to the 
whole manifold and in result we obtain the relation between the Green func- 
tion defined on the global manifolds: 

G X mn (MPb),t b ;7r(p a ),t a )= [ G v ( Pb 9,t b - Pa ,t a )D^ m (9)dfi(9). (30) 

Jg 

The path integral from the left-hand side of this equality can be written 
symbolically as 



G^(7r s (p 6 ),t 6 ;7r E (p a ),t a ) 



E£ s (t )=7r E (po) 
?E (*&)=*■£ (Pb) 



(&P)L(&(t),t b} t a )exp{- / V(&(u))du 

>™ J ta 



1 '* 



b 



f£(ta)=Ti;(pa) 
5s( t b)=' r E(Pi)) 



I Til 



xexp n^ 2 K [rfe(«))(4)i r (J,); 

- (g RS ? b rs A b + G RP A R A B K B Pa - G CA N™-^{hi)) ( J,)L] du 
+^A^)i n U c K X^dw^}. (31) 



The semigroup defined by this kernel acts in the space of the equivariant 
functions: 

i) n (pg) = D^ n (g)ij m (p), 

that are isomorphic to the functions ip n from the space of the sections T(E, V*) 
of the associated covector bundle: 

MF(Q*,e)) = MQl- 
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The method by which we have obtained the integral relation between G^ rm 
and G-p, can be regarded as the realization of the reduction procedure in the 
path integrals for the dynamical systems with a symmetry. 

The reduction onto the zero-momentum level, i.e., when A = 0, estab- 
lishes the the relation between the path integrals that are used for descrip- 
tions of a quantum motion of the scalar particle on an initial manifold V and 
on the the orbit space manifold M.. 

In our case, in order to represent the motion on the orbit space, we have 
used an additional gauge surface £e, on which the corresponding diffusion 
was given by the stochastic differential equations (jl4j) . In these equation 
there is an "extra" term, the drift ju, which is not directly related to the 
orbit space A4. Without this term we would have the stochastic process 
which could completely correspond to the diffusion on the orbit space. 

In path integrals the transformation in which we change the stochastic 
process £e with the local stochastic differential equation (JT3j) for the process 
£s, with the stochastic differential equation 



can be made with the help of the Girsanov transformation formula. 

In our case, because of the presence of the projection operators in diffusion 
matrices of equations (JTlJl and (}3*2*|) we have the degenerate diffusion matrices. 
It restricts the application of the standard Girsanov formula. 

But if we will remain in the frame of the predefined ambiguities, that 
originate from using of the projection operators, we can still derive the Gir- 
sanov formula. In our case it will be also based on the uniqueness (modulo 
the above ambiguity) of the solution of the parabolic differential equation 
with the operator given by the diagonal part of the operator (J2%Jl and on 
the application of the Ito differentiation formula for the composite function 
together with the account of the following formula: 



In result, the Radon-Nicodim derivative of the measure /r s with respect 
to the measure // E will be as follows: 



dQ* A (t) = /J 2 K 



( 



l -G EM N c E N B M h Y a cb + jf) dt + py/ZN6§%dw 



(32) 



(G AB N%NE)((P ± )ZG« M (Pi_)M) = (P ± f L . 




f 

J to 



■t r 



(&(*)) =exp 



+^G» K (P x ) L A j A X%dw 



M 
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Performing such a change of the integration variables in that path integral 
which is obtained as a result of the reduction to A = momentum level, we 
get the following integral relation: 



Gz(Ql, t b ] Q* a , t a 



G v (p b 9,t b ;p a ,t a )dfj,(9), 



where the kernel Gs is presented by the path integral 



Gz(Ql, h; Q a , t a ) 



£s(t<>) 



<i// s exp 



V(Uu))du 



ta 



x exp / --(, 2 kG ab N%N% r P G DC {V Ka Ki 



\C 



1^G LE {V K ^K U ) E \ dt+-^N° [i^G CD (V Ka Kp) c 

(Q* = Mp))- 



X^dw M 



The semigroup determined by this path integral acts in the space of the 
scalar functions given on E. 

Remarks, that there is a difference between the formula obtained here 
and an analogous formula from [Sj. In the present formula the reduction 
Jacobian has an additional stochastic integral. It is possible to get rid of 
this stochastic integral with the help of the corresponding It 6 identity. As 
it needs an additional investigation we does not make this transformation in 
the present paper. 



7 Conclusion 

From our path integral transformation it follows that the path integral mea- 
sure is not invariant under the reduction (the formulas (j3*Uj) and (|31|)). 

The obtained reduction Jacobian reveals an interesting geometrical struc- 
ture. Namely, it is related with the mean curvature vector of the orbit over 
the point belonging to the base space in the principal fiber bundle. After re- 
placement of the variables in the path integral this mean curvature together 
with the mean curvature of the orbit space adds to the standard drift term 
of the stochastic differential equation (|Tlj). 
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We may suppose that the sum of two mean curvature comes from the 
mean curvature of the manifold V provided that it is considered as being 
embedded in some manifold with a bigger dimension. 

Acknowledgments. I thank to A.V.Razumov for the discussion of var- 
ious geometrical problems, V.O.Soloviev and V.I.Borodulin for valuable ad- 
vises and help. 

Appendix A 

Stochastic differential equation on a submani- 
fold 

Let the manifold Ai be embedded into the smooth (compact) finite dimen- 
sional Riemannian manifold with a metric Gab{Q)- We assume that this 
embedding is locally given by the equations Q A = Q A (x l ), where {Q A } is a 
coordinate system on the external manifold and {x 1 } - on Ai. Then, on Ai 
we have an induced metric: hij(x) = Qf(x)Qf '{x)G ab(Q(x)) . 

The stochastic process = {x l (t)}, with the differential generator 
1/2 A M (A M is a Laplace — Beltrami operator on Ai) can be determined 
by the solution of the stochastic differential equation with the following local 
representation: 

dx k (t) = ~h i3 (x{t))r^(x{t))dt + X*(a;(t))dur(t), 

(X)-*iA=fc w ). (a.i) 

Now we will define the same stochastic process, but we will make use the 
variables Q A that are related with the external manifold. We assume that 
the stochastic differential equation which describes the stochastic process on 
a submanifold can be written as 

dQ A (t) = a A dt + k&dw**(t), (A.2) 

where a A and are some (and not defined yet) functions of Q(t). Also, 

we require that at the initial moment of time the process Q A {t) be on the 
submanifold Ai. 

In order to find the explicit expressions for the coefficients of equation 
flA.2|) we will apply the It 6 differentiation formula to the function Q A = 
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Q A (x l {t)). As for the stochastic variables x l (t), we will assume that they 
satisfy the equation (jA.l|) . 

Then, comparing the result of such a differentiation with the expression 
in the right-hand side of (jA.2|) . we find that the coefficient a A is equal to 

a A = -lQf(x(t))h kl (x(t))r kl (x(t)) + ^(t))fc«(i(t)). (A.3) 

But 

h kl (x)r kl (x) = G AB {Q{x)) (Qfi(x)+ 

+ T A D {Q{x))Q c k {x)Q?{x)) h m {x)Q B m {x)h k \x) (A.4) 

(see, for example. |H]). Taking this into account and using the projection 
onto the tangent space to the manifold M.: 

N%{Q{x)) = G BA (Q(x))Qf(x)h l \x)Qf(x), 

we can transform (|A.3)1 to another form 

a A = -\N A WQ°Q°T P CD - l -N A Q p kl h kl + l -Q A h kl . (A.5) 

Since the components of the mean curvature vector of the submanifold is 
given by 

= \h'KQtQfT D AB + Q% - NEQfQfY% - NSQ% 
we can rewrite (|A.5|) as follows: 

a A (Q(x)) = -iG SM (g(x))ivg(g(x)X / (g(x))r^(g(x)) +/. (A.e) 

where j A is, in fact, the function given on a submanifold, i.e., j A = j A (Q(x)). 
This follows from the fact that the mean curvature can be also defined with- 
out using an explicit coordinate expression (for example, by the Weingarten 
map). 

Before proceeding to the determination of the diffusion coefficient 
we notice, that the difussion coefficients of the equations (jA.l|) and (jA.2|) are 
defined only up to the orthogonal transformations. 
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From the equality 

which can be derived from (|A.2|) in result of the application of the Ito differ- 
entiation formula, it follows that 

= T^QtX^QfXl = h ij QfQf = G CD N$NE. 

M m 

These equations define Xj^: 

X M ~~ JV C X M' \2_^< M-*"M ~ u )• 

M 

At last, redefining the coordinates Q (x(t)) of the stochastic process for 
new coordinates Q A {t) (together with the requirement, that at the initial 
moment of time a new process was also given on a submanifold ), we get 
the following local stochastic differential equation for the components of the 
stochastic process on a submanifold M.: 

dQ\t) = (-\G EM N c E NgT* D + A dt + N$X c M dw M , (A.7) 
where all the functions in right-hand side of this equation depend on Q A {t). 
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